Let M n be an n-dimensional complete hypersurface in the Euclidean space R n+1 . We show that if the image of M n under the Gauss map lies in an open hemisphere, then M n must be proper. As applications, we derive a counterpart of Hoffman-Osserman-Schoen's result for λ-hypersurfaces, which gives an affirmative answer to the Bernstein type problem proposed by Cheng-Wei [10].
Introduction
The Bernstein problem has been a central problem in the study of minimal submanifolds. The classical Bernstein theorem states that entire minimal graphs in the Euclidean space R 3 are planes [3] . Many efforts had been made to generalize the Bernstein theorem to higher dimensions. Eventually, Simons [29] proved that entire minimal graphic hypersurfaces in R n+1 must be hyperplanes for n ≤ 7 (see De Giorgi [15] for n = 3 and Almgren [1] for n = 4), while Bombieri-De Giorgi-Giusti [4] constructed a counterexample for n ≥ 8. However, Moser [25] had earlier showed that, under an additional assumption that the gradient of the graph function is uniformly bounded, the entire minimal graphic hypersurface has to be planar in arbitrary dimension (see also [21] ). Later, Ecker-Huisken [18] improved Moser's theorem by using the curvature estimate technique.
It is well known that the Gauss map plays an important role in the investigation of hypersurfaces in the Euclidean space. For a complete constant mean curvature surface S in R 3 , Hoffman-Osserman-Schoen [22] showed that if the image of S under the Gauss map lies in some open hemisphere, then S is a plane; if the image of S under the Gauss map lies in a closed hemisphere, then S is a plane or a circular cylinder.
By the work of Colding-Minicozzi [14] (see also [2] ), we know that the subject of self-shrinkers are closely related with the theory of minimal submanifolds. Ecker-Huisken [17] showed that an entire graphic self-shrinking hypersurface with polynomial volume growth in R n+1 has to be a hyperplane. Later, Wang [32] removed the condition on the polynomial volume growth, and proved that any entire graphic self-shrinking hypersurface in R n+1 is a hyperplane, which is in sharp contrast to the situation of entire minimal graphic hypersurfaces. For the general complete self-shrinking hypersurface in the Euclidean space, Ding-Xin-Yang [16] obtained a counterpart of Hoffman-Osserman-Schoen's result under the properness assumption (see Theorem 3.1 in [16] ).
Recall that X :
where H is the mean curvature function with respect to the inward pointing unit normal vector field N and λ is a constant. The notion of the λ-hypersurface was introduced by Cheng-Wei [11] and McGonagle-Ross [24] , they showed that λ-hypersurfaces are critical points of the weighted area functional for the weighed volume-preserving variations [11] and critical points of the variational problem that preserve the Gaussian weighted volume [24] respectively. In particular, when λ = 0, λ-hypersurfaces are just self-shrinkers, which are the models of the Type I singularities of the mean curvature flow. Recently, the geometric properties of λ-hypersurfaces are studied, see the references [9, 10, 12, 19, 26, 30, 31] . In [10] , Cheng-Wei generalized the results of Wang [32] and Ding-Xin-Yang [16] to λ-hypersurfaces, and proposed a Bernstein type problem as follows:
If the image of M n under the Gauss map is contained in an open hemisphere, then is M n a hyperplane? If the image of M n under the Gauss map is contained in a closed hemisphere, then is M n a hyperplane or a cylinder whose cross section is an
Cheng-Wei solved this problem under the assumption that the λ-hypersurface is proper by using a similar strategy of [16] (see Theorem 1.1 in [10] ).
In this note, we show that if the image of a complete hypersurface M n in R n+1 under the Gauss map is contained in an open hemisphere, then M n is proper (Theorem 2.1). By using this topological property, we give an affirmative answer to the above problem (Theorem 2.3). As a consequence, for any complete self-shrinking hypersurface M n in R n+1 , if the image of M n under the Gauss map lies in an open hemisphere, then M n is a hyperplane; if the image of M n under the Gauss map lies in a closed hemisphere, then M n is a hyperplane or a cylinder whose cross section is an (n − 1)-dimensional self-shrinking hypersurface in R n (Corollary 2.4).
Main results
Applying the method of transversality (see e.g. [28] ), we derive an interesting topological property of some hypersurfaces as follows. Proof. Let {E 1 , ..., E n+1 } be the natural basis of R n+1 and N be the inward pointing unit normal vector of M in R n+1 . By the assumption, without loss of generality, we can assume that N, E n+1 > 0. Consider the projection π : R n+1 −→ R n , (x, y) → x and denote Ω = π(M). Since N, E n+1 > 0, without loss of generality, we can write
Consequently, π is a local diffeomorphism.
We claim that M is a graph over Ω, i.e., there is a map u :
Otherwise, without loss of generality, there are two points (0, 0), (0, ε) ∈ M, where ε 0. LetÑ := {(0, y) ∈ R n+1 : y ∈ R}. Then M ∩Ñ ⊇ {(0, 0), (0, ε)}. For any p ∈ M ∩Ñ, we have
As we mentioned above,
Namely, dim(T p M ∩ T pÑ ) = 0. Therefore we derive
This implies that M andÑ intersect transversally (cf. [20] or [23] ). Particularly, M ∩Ñ is a 0-dimensional manifold.
Since M ∩Ñ is connected, we know that M ∩Ñ has only one point. This yields a contradiction with the fact that M ∩Ñ ⊇ {(0, 0), (0, ε)}. Thus M is a graph over Ω.
Let us denote M = {(x, u(x)) : x ∈ Ω ⊂ R n } as before. In order to prove that M is proper, since M is complete, we need to show that D R := M ∩ B R is a bounded closed subset of M for any bounded closed subset B R of R n+1 .
Let A R := {x ∈ Ω : (x, u(x)) ∈ D R }. On one hand, by the elementary analysis, we can conclude that A R is a bounded closed subset of R n . On the other hand, the induced metric on M can be expressed as
Remark 2.2. By using a similar method, we can generalize Theorem 2.1 to higher codimension as follows: Let X : M n −→ R n+m be an n-dimensional complete submanifold in R n+m . If the w-function is positive everywhere, then M n is proper. ( Here one may refer to [33] for the definition of w-function.)
Let ∇, ∇ be the Levi-Civita connection on M n and R n+1 respectively, if it is not confused, we also denote ∇ as the normal connection. We use the notation (·) T and (·) N for the orthogonal projections into the tangent bundle T M n and the normal bundle N M n , respectively.
By using Theorem 2.1, we obtain the following Bernstein type result for λ-hypersurfaces, which could remove the additional properness assumption on the λ-hypersurface in Theorem 1.1 of [10] .
If the image of M n under the Gauss map is contained in an open hemisphere, then M n is a hyperplane. If the image of M n under the
Gauss map is contained in a closed hemisphere, then M n is a hyperplane or a cylinder whose cross section is an (n − 1)-dimensional λ-hypersurface in R n .
Proof. Combining Theorem 1.1 in [10] with Theorem 2.1, we can get the conclusion. For readers' convenience, we state the proof as follows.
Let f := |X| 2 4 . A direct computation yields
Let {e 1 , ..., e n } be a local orthonormal tangent frames of T M, such that ∇e i = 0 at a considered point to be calculated. Then by the λ-hypersurface equation (1.1) and (2.1), we have
Namely, here C is a positive constant depending only on M e − |X| 2 4 . Let γ : M n −→ S n be the Gauss map and V := −X T . We claim that γ is a generalized harmonic map (cf. [5, 7] ), i.e., it satisfies
where τ(γ) := tr∇dγ is the tension field of γ. Indeed, by a similar proof of [16] (see also [6, 8] ), namely, using the Plücker coordinates, the Gauss map could be described as γ(p) = e 1 ∧ ... ∧ e n . Thus =∇ e i (dγ(e i )) − X, e i dγ(e i ) = ∇ e i (h i j e N j ) − X, e i h i j e N j =(∇ e i h i j )e N j − X, e i e i , A N (e j ) e N j =(∇ e j H)e N j + X T , ∇ e j N e N j =(∇ e j H)e N j + X, ∇ e j N e N j =(∇ e j H)e N j + (∇ e j X, N )e N j =(∇ e j (H + X, N ))e N j =(∇ e j λ)e N j = 0.
In the following, by using the strategy of [27] , we can conclude that if the image of M under the Gauss map γ is contained in an open hemisphere, then γ is constant. In fact, let ρ be the distance function on S n , and define ψ := 1 − cos ρ, u := ψ • γ. Then (2.3) implies that
Hess(ψ)(dγ(e i ), dγ(e i )) + dψ(τ V (γ)) = (cos ρ)|dγ| 2 ≥ 0 with the equality holds iff dγ = 0. Since
we get that div e − |X| 2 2 ∇u ≥ 0.
A direct calculation yields
If the image of M under the Gauss map is contained in a closed hemisphere, then we may assume N, E n+1 ≥ 0. Applying the Harnack inequality, we derive that either N, E n+1 > 0 everywhere or N, E n+1 ≡ 0. In other words, the image of M under the Gauss map is contained in either an open hemisphere or a great circle. Then by the similar statement as the proof of Theorem 3.1 in [16] , we can conclude that M is either a hyperplane or a cylinder whose cross section is an (n − 1)-dimensional complete λ-hypersurface in R n .
When λ = 0, λ-hypersurfaces are just self-shrinkers. Consequently, we have Corollary 2.4. Let X : M n −→ R n+1 be an n-dimensional complete self-shrinking hypersurface in R n+1 . If the image of M n under the Gauss map is contained in an open hemisphere, then M has to be a hyperplane. If the image of M n under the Gauss map is contained in a closed hemisphere, then M n is either a hyperplane or a cylinder whose cross section is an (n − 1)-dimensional self-shrinking hypersurface in R n .
Remark 2.5. Wang [32] proved that any entire graphic self-shrinking hypersurface in R n+1 has to be a hyperplane. Clearly, the image of a graph under the Gauss map is contained in an open hemisphere. The authors [16] showed the same conclusion as in the above Corollary 2.4 under an additional properness assumption.
